Control Lec. 4

Time Domain Analysis of Control systems

The manner in which a dynamic system responds to an input, expressed as a function of
time, is called the time response. The time response of a control system consists of two parts:
the transient response and the steady-state response. By transient response, we mean that
which goes from the initial state to the final state. By steady-state response, we mean the
manner in which the system output behaves as t approaches infinity. Thus the system
response c(t) may be written as:

e(t) = (1) + eult)

where the first term on the right-hand side of the equation is the transient response and the
second term is the steady-state response.

Many design criteria are based on the response to such signals or on the response of
systems to changes in initial conditions (without any test signals). The use of test signals can
be justified because of a correlation existing between the response characteristics of a system
to a typical test input signal and the capability of the system to cope with actual input signals.

The commonly used test input signals are those of step functions, ramp functions,
acceleration functions, impulse functions, sinusoidal functions, and the like. With these test
signals, mathematical and experimental analyses of control systems can be carried out easily
since the signals are very simple functions of time.

Standard Test Signals:

Impulse signal

— The impulse signal imitate the
sudden shock characteristic of

actual input signal. a(t)
A A
A r=0
5(0) =
0 r#0
0 t

—If A=1, the impulse signal is
called unit impulse signal.

L{o(0)}=0(s) = A

Asst. Lec. Haraa Raheem Page 1



Control

Lec. 4

Step signal

— The step signal iMmMitate
the sudden change )
characteristic of actual
iNnput signal. -~
() — {A =0 o
18] r = 0O

— If A=1, the step signal is
called unit step signal

L{u®}=Us) =§A

Ramp signal r(t)
— The ramp signal imitate
the constant velocity
characteristic of actual

iNnput signal.

Ar r =0
r(r):
O r =20

— If A=1, the ramp signal
is called unit ramp )
signal A

Lr©}=R() = 5

Parabolic signal 2y
— The parabolic signal
imitate the constant
acceleration characteristic
of actual input signal. 5
Ar?
p(z‘) _ T = If A=1, the parabolic
signal is called unit
0 1<0 parabolicsignal.

L{p(t)}= P(s) = 2’?
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Time Response of Control Systems:

*« Time response of a dynamic system is response to an input
expressed as a function of time.

* The time response of any system has two components
= Transientresponse

* Steady-state response.

* Transient response is the response of a system from rest or
equilibrium to steady state.

Step Input

*The response of the
system after the transient
response is called steady
state response.

[}
T

Transient Response

-Steady State Response
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Transient response

1. Transient response of 1% Order Systems

Consider the first-order system shown in Figure 4-1(a). A simplified block diagram is
shown in Figure 4-1(b). The input-output relationship is given by:

C(s) 1 1
Rs) Ts+1 4D

1 Cis) Ris) 1 Cis)
Ts - > T+
(a) {b)

Figure 4-1(a) Block diagram of a first-order system; (b) simplified block diagram

we shall analyze the system responses to such inputs as the unit-step, unit-ramp, and unit-
impulse functions. The initial conditions are assumed to be zero.

a. Unit-Step Response of First-Order Systems. Since the Laplace transform of
the unit-step function is I/s, substituting R(s) = 1/s into Equation (4-1), we obtain

C(s) =

1 1
Ts+1s

Expanding C(s) into partial fractions gives

1 T 1 1
CE) =5~ T551°" 5 s + (1/T) (4.2)
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Taking the inverse Laplace transform of Equation (4-2), we obtain

c(t)y =1 — e 7, fortr = 0 (43)

Equation (4-3) states that initially the output c(t) is zero and finally it becomes unity. One
Important characteristic of such an exponential response curve c(t) is that at t = T the value of
c(t) i1s 0.632, or the response c(t) has reached 63.2% of its total change. This may be easily
seen by substituting t = T in c(t). That is,

e(T)=1—-¢" = 0632

[ Note that the smaller the time constant T , the faster the system response. Another
important characteristic of the exponential response curve is that the slope of the
tangent lineatt=01is 1 /T.

The exponential response curve c(t) given by Equation (4-3) is shown in Figure 4-2. In one
time constant, the exponential response curve has gone from 0 to 63.2% of the final value. In
two time constants, the response reaches 86.5% of the final value. At t = 3T, 4T, and 5T, the
response reaches 95%, 98.2%, and 99.3%, respectively, of the final value.

Slope = L
olrd 4 . Slope = T

1

cffh=1— e )

_!rfi — 1
/ 2
0.632 '
4N |
.'I I
. =] =
f & 5 = H &
L] w0 L ot =0
= = - = =
| l | !
L i) r Y- -
0 T 27T 3T AT s ’

Figure 4-2 Exponential response curve

b. Unit-Ramp Response of First-Order Systems
Since the Laplace transform of the unit-ramp function is I/s2, we obtain the output of

the system of Figure 4-I(a) as

1 _l
Ts +15s°

C(s) =

Expanding C(s) into partial fractions gives
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, 1 T T2 (4.4)
c(s) T s +T:;+l

Taking the inverse Laplace transform of Equation (4-4), we obtain

c(t)y=t=T+ Te"", fort =0
LLCA Y

The error signal e(t) is then o
e ¥ w— Steady-state

e(t) = r(t) = ¢fr) " b pucii
ef : _. %
= T(1 - &*7) i ;.

27 )

Figure 4-3
Unit-ramp response

The unit-ramp input and the system output are shown in Figure 4-3.As t approaches infinity,
e’T approaches zero, and thus the error signal e(t) approaches T or
eloc) =T
c. Unit-Impulse Response of First-Order Systems

For the unit-impulse input, R(s) = 1 and the output of the system of Figure 4-1(a) can be
obtained as:

The inverse Laplace transform of Equation (4-5) gives

ey = 1? ey

1 .
c(szF{f”, fort = 0

The response curve given by above Equation is shown in Figure 4-4, Figure 4-4
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SECOND-ORDER SYSTEMS
we shall obtain the response of a typical second-order control system to a step input, ramp
input, and impulse input. Here we consider a servo system as an example of a second-order
system. For Servo System

Jée + Be=T

where T is the torque produced by the proportional o .
controller whose gain is K. By taking Laplace ﬂh@ﬁ— ¥ L @Ls‘-) Y

transforms of both sides of this last equation,
assuming the zero initial conditions, we obtain:

Js°Cls) + BsCls) = T(s) Figure 4-5 Servo system

So the transfer function between C(s) and T(s) is

C(s) 1
T(s) s(Js + B)

this transfer function can be modified to that shown in Figure 4-5.The closed-loop transfer
function is then obtained as:
Cls) K KT

—

Rs) Js+Bs+ K s+ (B/d)s + (K/J)

[ Such a system where the closed-loop transfer function possesses two poles is called a
second-order system.

T.F can be rewritten as:

K
Cls) J

R(s) [3 N 2_5}_ . \K%Jz—_ﬂ[s + % -~ .w;"@*—ﬁ

The closed-loop poles are complex conjugates if B> - 4JK < 0 and they are real if B?- 4JK 2
0. In the transient-response analysis, it is convenient to write
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Where

2, ——» un-damped natural frequency of the second order system,
which is the frequency of oscillation of the system without

damping.

< — damping ratio of the second order system, which is a measure

of the degree of resistance to change in the system output.

o — IS called the attenuation

The damping ratio is the ratio ¢ of the actual damping B to the critical damping B, = 2,/JK or
B B

* "B, 2VIK
In terms ¢ of and w,, the closed-loop transfer function can be written as:

Cls) w

R(s) & + 2w,s + 2 R(s) C ?E(S) o C;(i)
s(s +2{w,)

This form is called the standard form of the second-

order system.

Figure 4-6 Second-order

Ex: Determine the un-damped natural frequency and damping ratio of the following
second order system.  c(s) ~ 4
R(s) s2+2s+4

Sol: Compare the numerator and denominator of the given transfer function with the general
2" order transfer function.

C(s) . a)ﬁ
R(s) s?+2lw,s+w}

®wF =4 = o,=2radlsec

_.52 +2lw, s + Us = ._3-2 +2s+ 4
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According the value of T , a second-order system can be set into one of the four categories:
1- Overdamped - when the system has two real distinct poles ( ¢ >1)

In this case, the two poles of C(s)/R(s) are negative real and unequal. For a unit-step input,
R(s) = 1/s and C(s) can be written:
w? jo

(s + {w, + 0,V = 1)(s + {w, = 0,V — 1)s

C(s) =

& X
d X

The inverse Laplace transform of above Equation is:

() =1+ 1 N AV 1 AV
2V =10+ V=) WE-1(L - VEE-1)
w, rE_FII E—s;r\,!

=1 + - :
NE 1N s s )

where s, = ({ + V{* = 1)w, and 5, = ({ = V{* = 1)w,. Thus, the response c(t)
includes two decaying exponential terms.

2-Underdamped - when the system has two complex conjugate poles (0 < T <1)

In this case, C(s)/R(s) can be written : joo
C(s) _ o} g
R("—'} {'-'f + fuw, + fwd} s+ Lo, — .Fmdjl .
C -b a
X

where w, = w,V'1 — {*.The frequency wy is called the damped natural frequency. For
a unit-step input, C(s) can be written

)y

C(s) =
(s) [.a‘i + 2w s + mﬁ_}s
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The inverse Laplace transform of above Equation can be obtained easily if C(s) is written
in the following form:

{,_\. ) 1 5 =+ Zg’mﬂ
(8) == =
[ s 50+ Ww,s + of
1 - § + {w, Loy,

4 {'5' + g“-"rz_}li + wﬁ {5 + ;wﬂ)?- + mfn’

5+ {w
¢t i — | = e coswyt
_{s + gm,,] + wy
[ gy ] _ .
i ; ~| = e sinwyt
-(.'5‘ + gmﬂj + )y -

Hence ¥ C(s)] = ¢(t)

_ { .
=1-¢ 5“’"’({105.1:“: + = sin wyt
V1=
bt \.f 1 — év'E'
———sin (wﬂ.r + tan™! — }: = |, fort =0

VI-g2 o\

1

The error signal for this system is the difference between the input and output and is

e(t) = r(t) — c(t)
= e‘*“ﬂ'(cuswdr + — L Siniﬂd‘)- fort = 0

Vi-g

3- Undamped - when the system has two imaginary poles ( ¢ =0)
S1,S2 = £jwy jw

The response c(t) for the zero damping case may be *
obtained by substituting ¢ = 0 in Equation (4-1), yielding

c(t) = 1= cosw,t, fort=0 < b
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4. Critically damped - when the system has two real but equal poles ( ¢ =1)

For a unit-step input, R(s) = I/s and C(s) can be written

2
mﬂ
C(s) = —3
. (s + wn] s
t t x b
The inverse Laplace transform of above Equation is < b @

c(t)y =1—=e™(1+ w,), fort=0
A family of unit-step response curves c(t) with various values of g is shown in Figure 4-7
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Figure 4-7

Time-Domain Specification

For0< {<l1and o,>0, the 2" order system’s response due to a unit step input looks like
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Sy

Allowable tolerance

Y005

=T
- Ol
— .02
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